ISSN: 2458-8989

Supplement, 2019, 4(3): 52-58

Common fixed point theorem for two pairs of weakly compatible mappings satisfying a
larger generalized (S, T)-condition

Aouine Ahmed Chaouki*

' Department of mathematics, university of Souk-ahras 41000, Algeria
! Department of mathematics, university of Oum El Bouaghi 04000; Algeria

Emails: chawki81@gmail.com

Abstract

In this paper, we prove a common fixed point theorem for two pairs of weakly compatible
mappings satisfying a generalized condition in metric spaces and we present an example
which illustrates our results.
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Introduction

Fixed point theory has fascinated hundreds of researchers since 1922 with the celebrated
Banach's fixed point theorem. This theorem provides a technique for solving a variety of
applied problems in mathematical sciences and engineering. In the study of functional
analysis and topology, metric spaces play very important role and gained considerable
importance after the famous Banach Contraction Principle.

In recent years, many fixed point theorems have appeared in the literature using the notion of
compatibility by various authors. Sessa [9] generalized the concept of commutative mappings
by introducing the concept of weakly commutative mappings. Jungck [1] generalized the
concept of weak commutativity by introducing the concept of compatible mappings. Jungck
and al [2] generalized the concept of compatibility by introducing the concept of compatible
mappings of type (A). Pathak et al [5,6,8] generalized the concept of compatibility of type (A)
by introducing the concept of compatibility of type (B), the concept of compatibility of
type(P) and the concept of compatibility of type (C). It was shown in [2,5,6,8] that these
notions are equivalent if the mappings are continuous. In [3], Jungck introduced the concept
of weakly compatibility mappings. It was shown in [1,2,5,6,8] that each of these concepts of
compatibility implies weakly compatibility, but the converse is not true in general. In other
words the weakly compatibility is the lowest among all cited notion compatibility. In the
following of this section S and T denote two mappings of a metric space (X,d) into itself.

Sand T are said to be commutative if STx=TSx for any XxeX.
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1.1. Definition 1.1 ([5]). Sand T are said to be weakly compatible if they commute at
coincidence points, i.e., if St=Tt fort € X, then STt = TSt.
Definition 1.2 ([1]). Sand T are said to be compatible if

(1.2) lImd(XTéEy; TXE,) = 0;
vil

whenever f&,g is a sequence in = satisfying

(1.3) lim 2&, = lim T&, = t for a certain t 2 =:
vil vil

It is easy to show that weakly commutativity implies compatibility, but the converse
not be true in general as it proved in [4].
Definition 1.3 ([3]). Z and T are said to be weakly compatible if they commute at
coincidence points, i.e., if Xt = Tt for t 2 £, then 2Tt = TX1.
The purpose of this paper is to present a common .xed point result for four
mappings which satisfy larger generalized (X; T)bcontractive condition in metric
spaces. For this aim we need the following definitions:
Definition 1.4 Let (Z; 8) be a metric space and K a nonempty subset of = and
®;T; %; T: K!E amappings satisfying:
O(DE; I'y) < o maxfl/25(TE; Zy); 8(TE; PE); 8(Zw:;'y)g
+BfS(TE; I'y) + 3(PE; Zy)g
forany & v 2 Kand € 6= y; o; B > 0 such that o + 23 < 1: Then (®;I') is said a generalized
(T; X) contraction in K.
Theorem 1.5.
Let (X,d) be an complete metric space. Let AB,S and T be self maps on X satisfying the

following conditions:
A(X) cT(X) et B(X) S(X) #2.1

[1 + pd(Sx; Ty)]d(A4x,By) <pmax{d(Sx; AX)d(Ty; By); d(Sx; By)d(Ty; AX)} #2.2
+> [omax d(Sx,Ty),d(Sx,Ax),d(Ty,By
+((d(Sx,By)+d(Ty,Ax))/2)}+(1-0)max{d(Ax,Sx),
d(By, Ty)}]+Lmin{d(Sx,Ax),d(Ty,By),
d(Sx,By),d(Ty,Ax)},
forany & v 2 E, where 0 <™31; 0 <n<1,Ae0,t=0and>:[0; 1) ! [O; 1) is a upper
semicontinuous function with >(t) =0 ifand only if t =0
(b): for all T > 0; 3(z) < 0 if and only if lim>"(z) = 0. Suppose that (=)
vil
or T(E) is complete and the pairs (A; ) and (B; T) are weakly compatible, then
A;B; 2 and T have a unique common fixed point in E.

Proof. Let X an arbitrary point in X. From (2.1), there exist a point x;€X such

that Axo = Tx;: for this point x;, we can choose a point x, such that Bx; = Sx,:
Inductively, we can define a sequence {yn} in X such that

Yon=AXon=TXzn+1 and Yon+1=SX2n+2=BXon+1, NEN: #(2.3)
Now, we will show that the sequence {y,} defined above is a Cauchy sequence in

X. First suppose that y, #yn+1 for any n. we use (2.2) and (2.3) . Let us denote

(Yn, Yn+1) by n, for each n = 0;1;2... First we will show that o n+15(a ) and

then we claim that
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limo,=0 such that v!1 #2.4
and then show that {y,} is a Cauchy sequence in X. For this, putting X=Xzn+2 and y=Xzn+1 In
(2.2) we obtain

[ 14+poi2n]oizn+1 } Spmax {oion+1020,0}+O(Smax { ozn,02n+1,02n,(1/2) 0 y2n,Yon+2) }+(1-6)max { oon+1,02n

o
But, from the triangle inequality for metric a, we have
(172)a(yzn,Yan+2)< (1/2)[ 0(y2n,Yans2) T 0l Yan+1,Y2n+2)]=(1/2)(020,02041)
< max {0n,0on+1}-
Using this in above, we get
[ 1+poin]ozn+1<pmax { oi2n+10i2n }+d(dmax { 0pn02n+1 3+ (1-8)max {oon+1,02n}))-
If we choose o2n+1 @S "max" in above then we obtain
02n+1<9(0i2n+1)<02n+1,
a contradiction. Hence,
02n+150(0t2n). #2.5
Similarly, by setting Xan+2 for X and Xzn+3 for y in (2.2) we have
[ 1+pazn+1]azns2<pmax { oizn+102n+2,03+P(mMax { ozn+1,02n+1,02n+2,(1/2)0(y2n+1,Y2n+3) }),
ie.,
O2n+2<0(max { 0ion+1,02n+1,02n+2,(1/2)0U(Y2n+1,Y2n+3) })=0(02n+1),
hence
02n+250(0l2n+1).- #2.6
Unifying (2.5) and (2.6) we obtain
on+1<d(0n),
which implies that
0n=<d(0tn-1)<?(0tn-2)<...<0"(0w0),
and by condition (a) and (b) in theorem (2.1) since lim¢»(a0)=0 if 0o=0, we have

lima,,=0, such that v!1

thus {y,} is a Cauchy sequence and since X is complete, there exists a point z in X such that
limy, = z. The sequence {yan+1}={SX2n+2}<=S(X) is a Cauchy sequence in S(X). Suppose that
S(X) is complete. Then it converges to a point z=Su for ueX. Therefore, the subsequences
{Axon}, {BXan+1}, {TXan+1} also converge to z. If Au#z, using (2.2) we get

[1+d(SU ,TX2n+1)]d(Au y BX2n+1) S pmaX {d(su,Au)d(TX2n+1, BX2n+1),d(BX2n+1,Su)d(Au ,TX2n+1)}
+¢[5max {d(Su, Txzns1),d(SU,AU),d(TXzns1,BXons1),
((d(SU,BXon+1)+d(TX2n+1,AU))/2) }+(1-8)max {d(Au,Su),
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d(TXzn+1,BX2n+1) H+Lmin{d(Su, TXzn+1)d(Su,Au),d(TXzn+1,BXon+1),
d(Su,BXzn+1),d(TX2n+1,AU)}.

Letting n—oo0 we obtain

d(Au,z) < ¢[6d(Au,z)+(1-8)d(Au,z)]
<d(Au,z),

which is impossible. Hence, z=Au=Su. Since A(X)cT(X), there exists veX such that z=Tv. If
z#Bv, Applying (2.2) we have

[1+d(Su,Tv)]d(Au,Bv) <pmax{d(Su,Au)d(Tv,Bv),d(Bv,Su)d(Au,Tv)}
+¢[dmax {d(Su,Tv),d(Su,Au),d(Tv,Bv),
((d(Su,Bv)+d(Tv,Au))/2)}+(1-8)max {d(Au,Su),d(Tv,Bv)}]
+Lmin{d(Su,Tv),d(Su,Au),d(Tv,Bv),d(Su,Bv),d(Tv,Au)}.

Then

d(z,Bv) < ¢[5d(z,Bv)+(1-8)d(z,BV)]

<d(z,Bv),

which is impossible. Therefore, z=Bv=Tv. As (A,S) is weakly compatible, we find SAu=ASu,
1.e., Az=Sz. If Az#z, using (2.2) we get

[1+d(Sz,Tv)]d(Az,Bv) <pmax{d(Sz,Az)d(Tv,Bv),d(Bv,Sz)d(Az,Tv)}
+¢[dmax {d(Sz,Tv),d(Sz,Az),d(Tv,Bv),
((d(Sz,Bv)+d(Tv,Az))/2)}+(1-6)max{d(Az,Sz),d(Tv,Bv)}]
+Lmin{d(Sz,Tv),d(Sz,Az),d(Tv,Bv),d(Sz,Bv),d(Tv,Az)},

then

d(z,Az) <¢[6d(Az,2)+(1-8)d(Az,z)]

<d(z,Az),

which is impossible. So, z=Az=Sz. Similarly, we can prove that z=Bz=Tz. Assume there
exists n such thaty_{n}=y_{n+1}. By induction, y {n}=y {n+k} for k>1. Thus, there exists
u,veX such that Au=Su et Bv=Tv. We can prove that z=Az=Sz=Bz=Tz. For the uniqueness
of z, suppose that w is another common fixed point of A,B,S and T. Applying (2.2) we ob tain

d(Az,Bw) =d(z,w) < $dd(z,w)<d(z,w),

which is impossible. Hence, z=w. Then, A,B,S and T have a unique common fixed point in X.
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Example
Let A,B,S and T be four self-mappings of a metric space X, endowed with the usual metric
d. Let X=[0,3/2]. Define the mappings A,B,S and T:X—X by:

Ax=1,Sx=x,Bx=1 and Tx=1/2(1+x);VxeX.

Let ¢:[0;1)—R be defined by ¢(t)=t/2 . Then we observe that:

(@) AX={1}<=TX=[1/2,5/4]=X and BX={1}<SX=[0,3/2]<X,

(b) Since, d(Ax,By)=0, d(Sx,Ty)=1/2|2x-y-1|,d(AX,Sx)=|1-x|,d(By, Ty)=|1-y|=d(AX,Ty)
and d(By,Sx)=|1-x|,vx,yeX, we have for condition (2.2)

that

[1+pd(Sx,Ty)]d(Ax,By) <pmax{d(Sx,Ax)d(Ty,By),d(Sx,By)d(Ty,Ax)}
+¢[dmax {d(Sx,Ty),d(Sx,Ax),d(Ty,By),
((d(Sx,By)+d(Ty,Ax))/2) }+(1-6)max {d(Ax,Sx),d(By,Ty)}]
+Lmin{d(Sx,Ty),d(Sx,Ax),d(Ty,By),d(Sx,By),d(Ty,Ax)},

or

0 < p/2|1-X||1-y|+o[dmax {1/2/2x-y-1} | 1-X|,[1-y],

((11-x[+[1-y[)/2)}+(1-8)max {|1-X|,|1-y[}]
+Lmin{1/2|2x-y-1|,|1-x|,|1-y|,|1-X|,|1-y|},

where the socend membre is positif. Thus condition (2.2) is true for all vx,yeX and
p=>0.Further, we see that

M(x,y)=8max {1/2[2x-y-1|,|1-x],|1-y|,((|1-X[*+|1-y[)/2) }+(1-8)max {|1-X|,|1-y[}=0,
if and only if,

1/2|2x-y-1|=[1-x|=[1-y[=(([1-X[+[1-y[)/2)=0,
i.e., x=1,y=1. Thus M(1,1)=0 and therefore ¢(0)=0.We notice that the pairs (A,S) and (B,T)
have the coincidence point x=1 where they commutes. So that (A,S) and (B, T) are weakly
compatible. Thus all

the conditions of Theorem 2.1 are satisfied. Hence x=1 is the unique common fixed
pointof AB,Sand T
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Conclusion

If B=A and T=S in the Theorem 2.1, we get the following corollary.
Corollary 2.2. Let A and S be two mappings of a metric space (X,d) into itself
satisfying
A(X)cS(X)
[1+pd(Sx,Sy)]d(Ax,Ay) <pmax{d(Sx,Ax)d(Sy,Ay),d(Sx,Ay)d(Sy,Ax)} #2.7
+¢[domax d(Sx,Sy),d(Sx,Ax),d(Sy,Ay),
((d(Sx,Ay)+d(Sy,Ax))/2)}+(1-8)max {d(Ax,Sx),d(Ay,Sy)}]
+Lmin{d(Sx,Sy),d(Sx,Ax),d(Sy,Ay),d(Sx,Ay),d(Sy,Ax)}.

for any x,yeX, where 0<6<1, L.>0 and

(@) ¢ : [0, 00) — [0, ) is a upper semicontinuous function with ¢(t)=0 if and only if t=0,

(b) for all t>0,¢(t)<0 if and only if lim$~(t)=0 Suppose that S(X) is complete and (A,S) is
weakly compatible. Then, A and S have a unique common fixed point in X.

If S =lx in the corollary 2.2, where Ix is identity mapping in X, then we obtain the
following corollary.

Corollary 2.3. Let A a mapping of a Banach space (X,d) into itself satisfying

[1+pd(x,y)]d(Ax,Ay) <pmax{d(x,Ax)d(y,Ay),d(x,Ay)d(y,Ax)} #2.8
+¢[dmax d(x,y),d(x,Ax),d(y,Ay),
((d(x,Ay)+d(y,AX))/2)}+(1-8)max {d(Ax,x),d(Ay,y)}]
+Lmin{d(x,y),d(x,Ax),d(y,Ay),d(x,Ay),d(y,AX)}.

for any x,yeX, where 0<6<1, and L>0 and
(@) ¢ : [0, ) — [0, ) is a upper semicontinuous function with ¢(t)=0 if and only if t=0,
(b) for all t>0,¢(t)<0 if and only if lim¢~(t)=0 Then, A has a unique fixed point in X.
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